It was observed in [Su5] that the spectrum of a periodic Schrodinger operator on a Riemannian manifold has band structure if the transformation group acting on the manifold satisfies the Kadison property (see below for the definition). Here band structure means that the spectrum is a union of mutually disjoint, possibly degenerate closed intervals, such that any compact subset of R meets only finitely many. The purpose of this paper is to show, by a slightly different method, that this is also true for general periodic elliptic self-adjoint operators.
geometric example of a discrete group with the Kadison property is the fundamental group of a closed Riemann surface (cf. [P] ). THEOREM 1. If F has the Kadison property, then the spectrum of any F-periodic elliptic operator has band structure.
In the case that the operator D is bounded from below, we may establish a quantitative result on the number of intervals in the spectrum. THEOREM 
Suppose that D is a F-periodic elliptic operator of order p, and is bounded from below. Let N {X) be the number of components of the spectrum of D which intersect the interval (~°°, X\. If F has the Kadison property, then \imsnpN(A)Xn/p < C(r)"T(l + n/p) f A(x)dx, (n = dimZ), a-*, J r\x
where the function A(x) can be evaluated explicitly in terms of the principal symbol oD(x, £) ofD; (0.1)
A(x) = (lit)-"' 1 f d% r~l\r{oD{x y f) + h)-l e ir dr.
In Section 6, as a byproduct of our argument, we shall establish a property of the integrated density of states associated to a periodic elliptic operator. § 1. Periodic elliptic operators
Let D : C°°(E)
• C°°(E) be a /^-periodic, formally self-adjoint elliptic operator. We shall prove that D with the domain C™(E) is essentially self-adjoint To show this, it is enough to prove that the minimal domain and maximal domain of D coincide. In the case that F acts freely on X, this is established by M. F. Atiyah [A] . The key of his proof is that D has an almost local pseudo-differential parametrix Q, which, in the case of free actions, may be constructed by lifting an almost local parametrix on the quotient manifold F\X. Here an operator is said to be almost local if its Schwartz kernel has support close to the diagonal. In the general case, the constrution is carried out in the following way. It should be noted that, to prove Theorem 1, we only have to establish the assertion for positive elliptic operators. In fact, the general case reduces to the positive case in the following manner. Suppose that the spectrum of a self-adjoint elliptic operator D has a cluster at a € R, in the sense that there exists a sequence {a n }£i in R such that lim a n -a, and a m and a n lie in different components of the resolvent set of D if m =£ n. We set, with k ^ N, V =(D-a' n -(a n -2 i .
Let £ be a positive number such that ^-neighborhood of a\ is contained in the resolvent set. Then, for every a n with \ a -a n \ < £, a n is in the resolvent set of D', and a' m and a' n lie in different components of the resolvent set of U for m ^ n. This implies that the spectrum of the positive operator D' has a cluster at {a -aO 2k /2 2k . Thus it suffices to handle the case of positive D with order greater than the dimension of X. This assumption considerably simplifies our argument. Let D be a F-periodic self-adjoint positive elliptic operator on X of order p = 2k ( > n : = dimX). We denote by ®(Z)) the domain of D. The heat semigroup, exp( -tD), is well-defined for £ > 0. It is our first purpose to give good kernel estimates for exp( -tD), uniformly on X. We denote by d the distance function on X, by £* the dual bundle of E, and by E IS £* the bundle over Ixl with fiber E x IS £* over (x, »).
•
PROPOSITION 1. Let k(t ;x,y) be the kernel function for exp(-tD), which is, for t > 0, a smooth section of E C3 E*. Then, for T > 0 fixed, there are positive constants Ci and C 2 such that
uniformly for t €= (0, 7] and (x, y) & X x X.
we start our construction locally near an arbitrary x 0 ^ X LEMMA 1.
For any relatively compact connected open neighborhood U of XQ and for any t>0, there is a smooth operator, F t : L
, with a kernel function f e C°°(E El£*), such that the following is true.
1) ft depends smoothly on t, and ft(x, y) -0 for x, y & U.
2) For T > 0 fixed, there are constants C3 -Cz(T) and C± -C\{T) such that easily from Lemma 1, 4) and 5).
• Proof of Proposition 1. We apply the abstract theory of evolution equations in Banach spaces to (2.5). It is readily checked, using Lemma 2, that the assumptions of Ch. I, Theorem 6.1 in [K] On the other hand, iterating (2.7) gives for N ^ Z+ exp(-tD) = 2 (-l)'^*^),* (-l)"
which leads, with (2.8) and a similar estimate for the remainder, to the Neumann series
which is uniformly convergent for £ ^ [0, T]. We claim that (2T**#) f has kernel in C(E El £*), for f e [0, 7] , with the estimate where L = # {a e r ; a(supp ^>) Pi (supp (/)) ^0}. This is clear for / = 0, by the above discussion. If (2.10) is proved for some j > 0, we find (2.11)
Now there are at most L terms in the sum which are different from zero, for y fixed, and for each term the volume of the support in z is bounded by vol(supp cp), which is assumed to be one for simplicity. Hence (2.11) is obvious from the induction hypothesis, an elementary inequality for exponentials (cf. Lemma 1.4.2. in [G] ), and (2.2) .
Having proved (2.10), we can use the series for the kernels to obtain the estimate stated in Proposition 1.
The arguments give above also lead to the following result (cf. [G, Theorem 1.6 .1]).
PROPOSITION 2. tr k(t, x, x) ~ t~n /p A(x) as t [ 0, where A(x) is the function defined by (0.1). § 3. Group C*-algebras
We adopt the terminology employed in [Su5] . Let Fbe a discrete group and let C* e dCO be the reduced group C*-algebra of F. We set C? ed (/\ ft) = CfediO ® ft, where ft is the algebra of compact operators of some separable Hilbert space, say V. We can identify C? e d(/\ ft) with a subalgebra of Let A e W*(f, 5?). We define the Fourier coefficient A (a) at a to be a bounded operator of V given by Let C 0 *(r, ^f) be the set ofAe W*(/\ ^) with A (a) ^ ft for all a € ft and i4(a) = 0 for all but finitely many a e T. We may identify C? e d(/\ ^) with the completion of C$(F, ft) with respect to the operator norm, 
A(a)v=

(E).
We denote by || a \\ the word length of a associated with a fixed finite set of generators of F. It is easy to see that there exist positive constants Cn and Cu such that
Since F is a homomorphic image of a free group of finite rank, and a free group has exponential growth with respect to word length, we may conclude that exist constants C u and C u such that (4.2) Ha e T; || a|| < R} < C 13 exp (C 14 i?). • The rest of proof is done in a standard manner (see [Su5] ). Namely, if two real numbers a,b with a < b lie in the resolvent set of Z), then, given a positive £, one may find a polynomial ./>(.£) with
\\(E(b)-E(a))-p(exp(-D))\\<e,
where {£(/!)}-»<,!<oo denotes the spectral resolution for D; i.e.
D= f +~ XdE(X).
J -oo
This implies that £ (6) To prove Theorem 2, let X > 0, and let d\ < a 2 < ''' < a n be a sequence in the resolvent set such that ai < X and E(di+i) -E{ad is a nontrivial projection for all i. Since 2 (E(di+i) -E(ad) < £(/!), one has It remains to show the following. <p(X) -X n/P r{\ + n/p) f r A(x) dx as X T °°.
Proof In view of (5.1) and (5.2) , we may assume that D is positive and the order p is greater than the dimension of X. Since
exp(-tD) = f e~adE(X),
by taking the F-trace of both sides we obtain tr r exp (-tD) = J e~adcp(X).
By using Proposition 2 in § 2, we find where ^i ^ X2 ^ * * * stands for the eigenvalues of the elliptic operator D% on the compact manifold X%. Theorem 3 is a generalization of a result in [Su6] .
